DYNAMIC RISK DIVERSIFICATION AND INSURANCE PREMIUM 

PRINCIPLES 



KEI FUKUDA, AKIHIKO INOUE AND YUMIHARU NAKANO 

Abstract. We present an approach to the dynamic valuation of exposure risks in 
tire multi-period setting, which incorporates a dynamic and multiple diversification of 
risks in Pareto optimal sense. This approach extends classical indifference premium 
principles and can be applied for the valuation of insurance risks. In particular, our 
method produces explicit computation formulas for the dynamic version of the expo- 
nential premium principles. Moreover, we show limit theorems asserting that the risk 
loading for our valuation decreases to zero when the number of divisions of a risk goes 
to infinity. 



1. Introduction 

In premium calculations, the insurer generally requires a premium rule to charge a con- 
servative margin, the so-called risk loading or safety loading, in exchange for accepting 
the insurance risk. When dealing with a portfolio of insurance contracts, the resulting 
risk comes from the uncertain time and size of loss in individual insurance contracts. 
Thus, the risk loading should reflect both the multi-period and characteristic risks of in- 
dividual products. In other words, the premium should be determined via an appropriate 
valuation of the cash-flows generated by several contracts. For this problem, Wiithrich 
et al. |28j develop a multidimensional valuation method using the state price deflator. 
Dynamic market methods are exploited by Delbaen and Haezendonck [llj . M0ller and 
Steffensen [21], and the references therein. 

In this paper, we present a valuation method for portfolios of cash flows, which incor- 
porates a dynamic and multiple diversification of risks in Pareto optimal sense. Consider 
a portfolio of n liabilities Z = ^j-. t '^^^re Tn,t = {1, ■ ■ ■ ,n} x {t, . . . , T}, and 
(Ci^s) is adapted to a given filtration (Tg). Then we call an adapted process (-'^i,s)(i,s)eT„ t 
with suitable integrability conditions a diversification or allocation of Z if 

(see Definition 12.11 below for the precise statement). We consider a multidimensional (or 
matrix-valued) conditional expected utility iE[ui^s{-)\Tt])(i,s)£i:„ t *o evaluate the cash 
flow (^j,s)(i,s)GT„ t) ^-iid we define the utility Ut = Un,t of Z by the following dynamic 
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version of sup-convolution of ,,(-)|^f]'s: 

= esssup ^ E[ui^s{Xi^s)\J^t], 

where the essential supremum is taken over all diversifications of Z. The term 

convolution comes from convex analysis (cf. Rockafellar [25]). In the context of math- 
ematical finance, the convolutions of static risk measures or monetary utility functions 
are discussed in Delbaen [10], Barrieu and El Karoui [3], Jouini et al. [IT], and Kloppel 
and Schweizer [18]. The advantage of using the convolution is that a maximizer (Xi^s) 
becomes a Pareto optimal allocation of Z (see Proposition 12.21 below). Thus, the utility 
Ut induces a reconstruction of the cash flow Z = J2{is)^i,s ™ Pareto optimal sense, 
based on the insurer's risk preference {E[ui^s{-)\^t]){i,s)£Tn t- 

In the insurance literature, Pareto optimality has been considered by Arrow [2], Borch 
[5l|6], Biihlmann [8], Gerber [13], and many others. Recently, many authors study the 
allocation problems with risk measures. See Acciao [T], [3], Burgert and Riischendorf [9], 
Heath and Ku ^15j, and ^17j. Usually, Pareto optimality is discussed in terms of several 
economic agents such as in reinsurance and equilibrium theory. We employ another view; 
we consider Pareto optimality in evaluating portfolios of cash flows for a single agent. 

The first aim of this paper is to study the following premium principle Ht = H^^t 
defined by the indifference principle for Ut- 

Ht{Z) = essinf{i^ : UtiK - Z) > Ut{0) a.s.}, 

where K^s are taken from .Ff-measurable random variables (see Definition 12. 4p . This 
premium principle generalizes the so-called principle of zero- utility as stated in, e.g., 
Biihlmann [7]. A financial counterpart of this valuation method is called the indifference 
pricing method, which has been widely used methods in incomplete markets (see, e.g., 
Hodges and Neuberger [16], Rouge and El Karoui [26j, Musiela and Zariphopoulou [22| 
I23j . Bielecki et al. [4], and M0ller and Steffensen [21]). The premium Ht{Z) is the 
minimum capital requirement for which the insurer with utility Ut is willing to sell the 
risk Z. If there exists a maximizer for the essential supremum of Ut{Ht{Z) — Z), then, 
by Proposition 12.21 below, the risk Ht{Z) — Z allows for a Pareto optimal allocation. 
In other words, we can interpret Ht{Z) as the minimal amount such that the resulting 
residual risk Ht{Z) — Z is diversified by a Pareto optimal allocation and is preferable to 
zero risk with respect to the preference defined by Ut- 

The second aim of this paper is to study the asymptotic behavior of Hnfl as the number 
of divisions of a risk goes to infinity. We show two such limit theorems. The first one 
states that the indifference premium Hn^Q{Z) converges to E{Z) as n goes to infinity. 
The second one concerns the large number of divisions of time. These results may give 
a different view to the general principle of insurance systems, which is usually explained 
by the law of large numbers for IID random variables. 

This paper is organized as follows. In Section [2TH we give rigorous definitions of Ut and 
Ht, and exhibit some basic properties of them. In Section [2?2l we study the maximization 
problem defined by Ut- Section [231 is devoted to the case of exponential utility functions. 
In Section [3l we study asymptotic behaviors of Hnfi. Finally, in Section 4, we apply our 
approach to products of fixed payment type, including life insurance products and bank 
loans. 
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2. INDIFFERENCE PREMIUM 

2.1. Definitions and general properties. Let n,T be positive integers, and con- 
sider index sets Tm,T ■= {!)••• j"^} x {r, ...,T} (m = l,...,n, r = 0, ...,T). Let 
(17, J',{J^t}t=o,...,T,^') be a filtered probability space. We work on := L°°{n,Tt,P), 
t = 0, . . . , T, for the space of exposure risks. All inequalities and equalities applied to 
random variables are meant to hold P-a.s. We consider an element Z S as the sum 
of cash flows of risks to be valued, discounted by some reference asset. Examples include 
the following life insurance contract: 

Z = Cj,sl(s-l<Ti<s)5 

{i,s)GT„_i 

where Ci^s is the discounted payment to be paid at time s = 1, . . . , T if the i-th insured 
dies in the interval (s — 1, s], and Tj denotes the future life time of the i-th insured. 
We define the diversification of risk as follows: 

Definition 2.1. We call a process {Xi^s)^^ s)eT^ t ^ diversification or allocation of Z € 
if 

^ Xi^s = Z, X,,,GLf, {i,s)£T^,t. 

We write the set of all diversifications of Z as Am.t{Z)- 

For {i,s) E Tr„^0) let Ui^s : M ^ M be a strictly increasing, strictly concave function of 
class C^, satisfying 

Ui,s{0) = 0, n-^^(O) = 1, u-^^(+oo) = 0, n-_^(-oo) = oo, 

and assume that the agent's risk preference for the z-th risk at time s £ {0,... ,T}, 
evaluated at t € {0, ... , s}, is described by the conditional expected utility E[ui^si-)\J^t]- 
Thus, the risk of the cash flow Z = ^^gj^ ^ is evaluated by the conditional 

expected utility matrix {E[ui^siXi^s)\J^t]){i,s)eJ„,f 
Now we introduce the utility Ut defined by 

(2.1) Ut{Z)= esssup Yl E[ui^s{X,,,)\Tt], ZeLf. 

This is a version of sup-convolution in convex analysis, which takes into account the 
multiperiod information structure. 

The next proposition shows the basic relationship between Ut and Pareto optimality. 

Proposition 2.2. Suppose that (Xi^s) £ ■A.t{Z) attains the essential supremum in l\2.1\i . 
Then (Xi^g) is a Pareto optimal allocation of Z in the sense that for (li,s) € An,t{Z), 

Eiui^siYi^sMJ't] > E[ui,s{X,,s)\Tt], y{i,s) elxTt 
=^ E[ui,s{Yts)\:Ft] > E[uLs{Xi,s)\Tt], V(i,s) G I x T*. 

Proof. Suppose that there exist (^i,s)(j,s)GT„ t (/c,t) G Tn,t such that 

E[ui4Y^,s)\:Ft] > E[u,,siXi^,)\J^t], y{i,s) G Tn,t, 

P{E[Uk,rAYk,r)\^t] > E[Uk,rA^k,r)\:Ft]) > 0. 
3 



Then J2{i,s) ^['^i,s0^hs)\^t] > E(i,s) and this inequahty is strict with 
positive probabihty. However this contradicts the optimality of {Xi^g). □ 

By the proposition above, the utihty Ut induces a reconstruction of the cash flow Z = 
s) ^i,s ™ Pareto optimal sense, based on the insurer's risk preference {E[ui^s{')\^t\) ■ It 
should be noted that Pareto optimality here means the non-inferiority in multi-objective 
optimization. 

The next proposition shows that many properties of {E[ui^s{-)\^t\){i,s)£Tnt carry over 
ioUt. 

Proposition 2.3. The conditional utility Ut maps to L(° with Ut{0) = and satisfies 

the following properties: 

(i) Monotonicity: Ut{X) > Ut{Y) for X,Y e such that X >Y. 

(ii) Concavity: Ut{aX + (1 - a)Y) > aUt{X) + (1 - a)Ut{Y) for X,Y £ and 
a e (0,1). 

Proof It follows from Ui^s{x) < x (x e R) for {i,s) G Tn,t that Ut{X) < E[X\J^t]- In 
particular, Ut maps to and satisfies Ut{0) < 0. Considering the trivial diversification 
= J2(i,s) ^i,s with Xi^s = 0, we find ?7t(0) > 0. Thus C/t(0) = follows. 

To prove the monotonicity, let X > y and {Yk,s) € An,t{Y)^ and take {Xj^^g) ^ •J^n,t{X) 
defined by 

^ ^[Yk,s, ik,s)^{i,T), 
^'^ \Yk,s + X-Y, {k,s) = {i,T). 

Then, by the monotonicity of Ui^T{-), 

Ut{x)> J2 E[uk,s{Xk,sm] > J2 E[uk,s{Yk,sm]- 

(fc,s)GT„,t (fe,.s)eT„.t 

Taking the supremum of the right-hand side over (l^.s)) we get Ut{X) > Ut{Y)T) 

For {Xi^s) G ■An,t{X), {Yi^s) G An,t{Y), and a G (0, 1), we have {aXi^s + (1 - a)Yi^s) G 
,4n,t(aX + {1 — a)Y). Prom this the concavity of Ut follows easily. □ 

Now we shall introduce a premium principle by the indifference valuation with respect 
to the utility Ut- 

Definition 2.4. We call the .Ft-measurable random variable Ht{Z) given by 

Ht{Z) := essinf {K e : Ut{K - Z) > C/t(0)} 

the indifference premium oi Z £ at time t = 0, . . . ,T. 

We exhibit some elementary properties of the indifference premium Ht- 

Proposition 2.5. The indifference premium Ht maps L'f to Lf with Ht{0) = and 
satisfies the following properties: 

(i) Monotonicity: Ht{X) > Ht{Y) for X,Y € such that X >Y. 
(h) Convexity: Ht{aX + (1 - a)Y) < aHt{X) + (1 - a)Ht{Y) for X,Y e and 
a G (0,1). 

(iii) Risk loading property: Ht{Z) > E{Z\Tt), Z e Lf . 

(iv) Translation invariance: Ht{Z + C) = Ht{Z) + C for Z e L'^ and C e . 



Proof, li K e L~ satisfies Ut{K - Z) > Ut{0), then by Ut{Z) < E{Z\J't) we have 
< E[K - Z\Tt\ = K - E\Z\Tt\ whence Ht{Z) > E[Z\Ft]. Thus Ht maps to Lf and 
satisfies Ff(0) > 0. Since i?t(0) < is trivial, Ff(0) = follows. 

To see the monotonicity, let X, y G with X >Y . Then for any K € Lf^ satisfying 
Ut{K - X) > C/t(0) = 0, the monotonicity of Ut gives Ut{K - Y) > UtiO), implying 
Ht{X) > Ht{Y). 

Let X,Y G Lf and a G (0,1). For L G satisfying Ut{K - X) > and 
Ut{L-Y) > 0, we have from the concavity of f/t that ?7t(aK+(l-a)L-aX-(l-a)y) > 0. 
Thus Ht{aX + (1 — a)Y) < aK + (1 — a)L. Since L are arbitrary, the convexity of Ht 
follows. 

To prove the translation invariance, let Z G and C G L^. If if G satisfies 
Ut{K -Z-C)>0, then K-C> Ht{Z). Thus Fj(C + Z) > Ht{Z) + C. On the other 
hand, if if G satisfies Ut{K - Z) > 0, then in view oiK-Z = K + C-Z-C,^e 
have if + C > i7f(Z + C), which leads to i7t(Z) > Ht{Z + C)-C. 

□ 

Remark 2.6. Recall that a sequence of mappings pt : L^? Lf^, t = 0, . . . ,T, is called 
a dynamic convex risk measure if the following conditions are satisfied: 

(i) IfX<y, then pt{X)>pt{Y). 

(ii) Pt is convex. 

(ifi) ptiX + K)= pt{X) - if for X G and K G . 

See, e.g., Follmer and Penner [12j and Frittelli and Rosazza Gianin [13]. Therefore, the 
mappings pt : Lf, t = 0, . . . ,T, defined by 

pt{Z) := Ht{-Z), ZGLf 

give a dynamic convex risk measure on L^. This is a dynamic counterpart of the 
connection between premium principles and static risk measures. 

2.2. Optimal diversification problem. We shall study the maximization problem in 

(EH). 



Theorem 2.7. Let (Xi^s) G An,t- Then (Xi^g) is the maximizer for l\2.1\i if and only if 
{u[ g{Xi^s))'^=t does not depend on i = 1, . . . ,n and (n'^ g{Xi^s))'^=t is a martingale. 

Proof. Suppose that g{Xi^s))'^^t does not depend on i G I and that {u[ g{Xi^s))'^=t is 
a martingale. For (li,s) £ •^n,tiZ), the concavity of Uj^s's and the martingale property 
give 

(i,s)6T„,t (i,s)eT„,t 

(i,s)GT„,t {«,s)GT„,t 



E 



{j,s)eT„,t 



0. 



Thus {Xi^s) is optimal. 
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Conversely, suppose that (Xi^g) G An^t{Z) is optimal. Take distinct (A;, r), (j, r) G T„ t 
with r > r and j4 G Consider for y G M, 



-'^i.s + ylA if = {k,T), 
Xi^s-ylA if (i,s) = (j,r), 
s otherwise. 



Then (1^^^) G An,t{Z)- Moreover the optimality of implies the (random) function 

f{y)= E[u^AY^',s)\^t], yeR, 

becomes maximal at y = almost surely. The condition /'(O) = implies 

which leads to u'f^ ^{Xk^r) = '"j,r(-'^i,r) and to the martingale property of (n'^ ^{Xk^s))- D 



We consider the reduction of the maximization problem (j2.ip to the case n = 1. To 
this end, we define the sup-convolution n^""^ of {ui^s)i=i,...,n by 

( n n \ 

(2.2) n^"')(x) = sup < ^nj,s(xi) : X = > , xG~ 



, i=l 1=1 



We exhibit basic properties of xif^ . 

(n) 

Proposition 2.8. The sup-convolution also a strictly increasing, strictly 

concave function of class , satisfying 

n(")(0)=0, (4"))'(0) = 1, (4"))'(+oo) = 0, (n("))'(-oo) = oo, s = 0,...,T. 

Moreover, if h^s denotes the inverse function ofu'^^, {i,s) G T^^t, then 

(2.3) 4-H^) = Er=i^M(^..(E-=i^.,s)"'(x)), xGM. 

Proof. For x G M, consider Xj := Ii,s{{Yl^=i^j,s)~^{x))- Then, x = Y17=i^i- ™y 
{yi)i=i^,,,^n with X]r=i y« ~ ^'^^ concavity of Uj^s's implies 

whence (xj) is optimal and (j2.3p holds. From this, the other assertions follow easily. □ 
Proposition 2.9. For Z G L"^ , the utility Ut{Z) is given by 

T 

(2.4) Ut{Z)= esssup V ii;[n(")(X,)|^i]. 



Proof. For (Y,) e Ai,t{Z), put X^^ := /i,s((E"=i ^m)"^^))- Then by Proposition 
Ut{Z) < ess sup |^^[u(")(y,)|^<] : (K,) G 

= ess sup |^f]^K,(X,^J|^t] : (y,) G < ?7t(Z). 

[ S=t 1=1 J 



Thus (123]) fohows. □ 

In the rest of this section, we denote ui"^ by Ug for simpUcity. By Theorem 12.71 and 
Proposition 12.91 we have the fohowing: 

Corollary 2.10. A necessary and sufficient condition for {Xs) G Ai^t to be the maxi- 
mizer for < \2.4^ is that {u'g{Xs))J^f is a martingale. 

Prom the theorem above, the problem is now reduced to that of finding (Xg) G Ai^t{Z) 
such that {u'g{Xs))'^^t is a martingale. We adopt a duality approach to this problem. 
Define the function u* : [0, oo) — > [0, oo] by 

u*s(.y) = sup{us{x) - xy}. 
Then, for a positive martingale {Ms)'^^f, we see that 

T T T 

^E[us{Xs)\J^t] - J^^i^^sXslTt] < ^E[u:{Ms)\Tt]. 

s=t s=t s=t 

Since (Xs)J^^ G Ai^t{Z) and {Ms) is a martingale, the second term on the left-hand side 
can be written as E[MTZ\J^t]- In view of this observation, denoting by A4t the set of all 
positive martingales {Ms)'^=t, we obtain, for {Xg) G Ai^t{Z) and {Ms)'^=t ^ -^t, 

T T 

(2.5) <Y,E[u:{Ms)\Tt]+E[MTZ\Tt]. 

s=t s=t 

Thus we are led to the following dual problem: 

(2.6) essinf E[u*{Ms)\Tt] + E[MTZ\J^t] 



Theorem 2.11. There exists a unique (Mg) G Mt that attains the essential infimum in 



Proof. The uniqueness follows easily from the strict convexity of u*(y). 
To prove the existence, set 

T 

^{M)t := E[u:{Ms)\J^t] + E[MTZ\J^t], M G M- 

s=t 

The family {^{M)t}MeMt closed under pairwise minimization, i.e.. 



In fact, for any M^,M^ G Mt, we put A = {^{M^)t < ^'(M^)^} € J't, and consider 
Le Mt defined by Ls = M}1a+M^1a'^. Then it is easy to see that ^(L)* = ^{M^)tlA + 
^{M^)tlA^ = mm{^iM^)t,^{M%}. 

Thus, from Neveu [Ml Proposition VI-1-1], there exists a sequence (Afi™^) G Ai such 
that 

hm \ E[u*{Mi"'y)\Tt] + E[M^^ Z\J^t]> = essinf "^{M^, a.s., 

where the convergence is monotone nonincreasing. This and the monotone convergence 
theorem give 



hm S[^(M('"))i] = E 



essinf ^(M)t 

{Ms)&Mt 



< E{Z) < oo. 



Hence we find that for s = t, . . . ,T, 

supS[<(Mi™))] < +00. 

m 

From this and Lemma 12.121 below, the sequence (Mi"'^)~^i, s = t, . . . , T is uniformly 
integrable (in particular, bounded in L^{Q.,Tt,P))- Thus a multidimensional version of 
Komlos's theorem (see Komlos |19j and Remark 12.131 below) implies that there exist a 
subsequence (m]™''^) and {Mg) such that 



(2.7) 



Ms = lim 

k^oo 



Mj'"^) + • . . + Mi"'') 
k 



•f S — • • • ^ '-L J 3j>S> 



Since u*{-) is convex, we have for every s = t 



, . . . , J. , 



supE" 

k 



M. 



(mi) 



k 



< sup E 

k 



k 



< +00. 



Hence the convergence in ()2.7p also occurs in L^(r2, JFg, P), which implies that (M^) is a 
nonnegative martingale. Using Fatou's lemma, we have 

T k ( T ^ 

j;i?[<(M.)|^,] +£;IMt^|^*] < lim \Y.\ E^[<(^^'^)I-^*] 



= essinf ^'(M)^. 

Therefore, to complete the proof, it suffices to show that M3 is actually positive. To this 
end, we observe that for = 1, 



< hm 



^t((l-e)M + eL)-*t(M) 



1 ^ 

lim - ^£;K((1 - e)Ms + e) - <(Ms)|^t] + E[Z{1 - Mr)|^t] 

s=t 

T 

Y,E[-h{Ms){l - Ms)\Tt] + E[Z{1 - Ms)\:Ft], 



s=t 



where Ig = (n^) ^. This together with 

< n:(M,) = u^iMs) - <(1) < -«)'(M,)(1 - A'Q = Is{Ms){l - Ms) 

gives 

< E[IsiMs)il - Ms)l{M^=o}] ^ E[h{Ms){l - Ms)] < oo. 
However, since /^(O) = +00, we have Mg > 0. □ 

In the proof above, we have used the following lemma: 
Lemma 2.12. It holds that 

lim^^ = +oo, s = 0,...,T. 

y^co y 

Proof. By Proposition 12.91 we have ls(0+) = +00, Is{+co) = —00, and 

u*s{y) = '^s{is{y)) - yhiv), y>0- 

Moreover 

«)'(y) = -/.(y), y>0. 

Since u* is convex and Is{+oo) = —00, we find that limy^oo^s(y) = +00. Thus the 
lemma follows from de I'Hospital's theorem. □ 

Remark 2.13. It is straightforward to extend Komlos's theorem to a multidimensional 
one. Indeed, applying p[9l, Theorem 1] for s = t, we take a subsequence {ra^.} C {1,2,... }. 
Next applying [lH Theorem 1] for s = t + 1 and {n^"^^} we again choose a subsequence 
{n^"^^} C {n^}. Repeating this procedure, we obtain a subsequence {n^} which, by [TOj 
Theorem la], satisfies the desired convergence property. 

Theorem 2.14. Let {Xs)'^=t o-nd (M^)^^^ satisfy Xg = Is{Ms), s = t,...,T. Then for 
Z € L'^, the following conditions are equivalent: 

(i) (Xs) is in Ai^t{Z) and attains the essential supremum in l \2.4\) ; 

(ii) {Ms) belongs to A4t with Is{Ms) E L'^ , s = t, . . . ,T , and is the minimizer for 
the problem (\2.b} . 

Moreover, if one of (i) and (ii) holds, then 

Ut{Z)= essinf {y E[u:{Ms)\J't] + E[MTZ\Tt]\ . 
Proof. Suppose that (Xs)J^j satisfies (i). For (L^) G Mt, the convexity of u* gives 

T T 

J2E[u;{Ls)\Tt] + E[LTZ\J^t] -Y.E[u:{Ms)\Tt] - E[MTZ\J^t] 

s=t s=t 
T 



>Y,E[{u:)\Ms){Ls - Ms)\Tt] + E[{Lt - MT)Z\J^t] 



s=t 



s=t 



0, 



Since {u%)'{M^) = -Is{Ms), {Ms) G Mt and Er=t^s(^s) = Z, the right-hand side in 
the above inequahty is equal to 

T 

Y,E[-Is{Ms)E[Lt - Mt\Ts\\H + E[{Lt - MT)Z\Tt] 

' T \ 

Z-Y,ls{Ms)] [Lt-Mt) 

y s=t / 

whence {Mg) is a solution. 

Conversely, suppose {Ms) satisfies (ii). Then, there exists K > Q such that Is{Ms) < 
K. Since Is{-) is decreasing, we have Mg > u's{K). Thus, for some e > 0, 

Ms>e, s = t,...,T. 

Now, A € and define (L|) by 

Lys:=Ms + yP{A\J^s), y > s. 

Since € ^At, the function 

r 

/(y) :=Y,E[<{m\:^t]+E[Ly.Z\J^t], V > s, 

s=t 

becomes minimal at y = 0. Hence from /'(O) = 0, 

= ^E[-Is{Ms)E[1a\Ts]] + EiZEiUlJ'T]] = E iz - ^Is{Ms)\ U- 

s=t \ s=t / 

Since A G is arbitrary, we have 

T T 

Y,Xs = Y,Is{Ms) = Z. 

s=t s=t 

Moreover we find that Xs = Is{Ms) G Lf and that u's{Xs) = Ms- Thus by Corollary 
[2Tnl {Xs) € Af^tiZ) is the optimal solution to the problem (ITi]) . 

Finally, suppose one of the conditions (i) and (ii). Then from = Us{ls{y))—yls{y) 
and Xs = Is{Ms), 

T T 

Y,E[us{Xs)\Tt] = Y,^^<^^^)\^t'\+ ^^^TZ\Tt]. 

s=t s=t 

Thus the desired equality follows. □ 

2.3. The case of exponential utilities. In this section, to investigate Ht in more 
details, we consider a class of exponential utility functions (^i.s)(i,s)GT„ o' ^^^h of which 
defined by 

(2.8) «i,,(x) = — (l-e-°'-»^), rcGM, (i,s) gT„,o, 
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where Ui^g G (0, cxo) for all {i,s) € T„ o- In view of Proposition \2.S\ using the sup- 
convolution Us{x) = ui"'\x) defined by (j2.2p . we may consider the case n = 1. An 
elementary calculation shows that Us is again an exponential utility function given by 

= — (1 - e""''"^), xeM, s = 0,...,T, 



a.. 



where as is defined by 



1=1 ' 



s = 0, 



Now, for Z € L^, we define the adapted process {Vt{Z))f^Q by the backward iteration 

1 



Vt{Z) 



't+i 



iog£; 



Vt{Z) = Z, 



as well as the adapted process {Xs{Z))l^i = {X^s\z))g^^ by 



, i = o,...,r-i, 



(2S 



Xs{Z) = — [m{Z)+ V ()r{Vr{Z)-Vr-l{Z))\ 



at 



where {(3t)f:^Q is the modified risk aversion parameter defined by 

T 

We can now completely describe the optimizer for (|2.4|) . 

Theorem 2.15. For Z e L^?, i/ie process {Xs(Z))g—j. is a unique maximizer for the 
essential supremum in l \2.4\) - Moreover Ut{Z) is given by 

Ut{Z) = ^{l-expi-PtVt{Z))}. 



Proof. From Corollary 12.101 and u^(x) 
{Ms) such that 



our task is to find a positive martingale 



(211) 



/as 



In fact, from (M^) we obtain a desired solution Xg := (— l/a^) log M^. Every positive 
martingale Ms is represented as Ms = Wr=t^r, where (^r) is positive and adapted, and 
satisfies E{£^r\^r-i) = 1 for r > t + 1. Using this representation, we can write the 
condition (j2.1ip as 

T T T T s 

(2.12) 



n&-'*=nnfc-""=nne 



r 



r=t 



r=t s=r 



s=t r=t 



However, if we put 



6 := eM-UVsiZ) -Vs-i{Z))), s = t + l,...,T, 
11 



then we see that (^s) satisfies £"(^3 1 JF^-i) = I, s > and p. 120 . Hence, Ms := Y\l=t^^ 
satisfies (j2.1ip . Now we find that Xg in (|2.9p is written as 

s s 

asXs = - log6 = - logJJ 6 = - log Ms. 

r=t r=t 

Thus Xs is optimal. The uniqueness follows from Xg = Is{Ms) and Theorems 12.111 and 
I2.14[ Finally, we have 

Ut{Z) = f; - - X: -E{e~-^^Tt) = (l - e--^') = 1 (l - e'^^^^^^)) , 

as desired. □ 

Next, we turn to the indifference premium Ht{Z). Set 

= {{Ms)'^=t ■■ positive martingale, Mf = l} . 

Theorem 2.16. The indifference premium Ht{Z) of Z £ is determined by the 
backward iteration 



(2.13) h^'^-^.'^^' 
{Ht{Z) = Z, 



, t = o,...,r-i, 



and Ht{Z) is represented as 



(2.14) Ht{Z) = esssup [E[MTZ\rt] - V -E[M slog Ms\Tt] \ , t = 0, 

{Ms)€M^ [ s=t '^^ ) 

Moreover Ht satisfies the following dynamic programming property: 

(2.15) Ht{Z) = Ht{Ht+r{Z)), t = 0,...,T-T, r = l,...,r. 
Proof. By Theorems 12.141 and 12.151 we have 



with 



Ut(Z) = essinf ^t(K;Z) 



^t{K;Z)= essinf \Y E[u*s{KMs)\Tt] + ElMrKZlJ^t] 



, s=t J 

Here we have denoted by the set of all Y G Lf^ with Y >0. 
On the other hand, we can write 

E[u*s{KMs)\J^t] = —{l-K) + —KlogK + — E[Ms log Ms\J^t]. 

C^s 

Thus we get 

T 

^t{K;Z) = Y,<{K) + '^t{i;Z). 

s=t 
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However, since (ii*)'(i^) = {l/as)log K , the essential infimum of ^t{K;Z) is attained 
hy K = e-A*'(i;^), whence 



Thus, Z) = Vt{Z) and for K G L^^, < [/((/^ - Z) if and only if < - Z). 

Since Ml;K - Z) = K + ^>t(l;-Z), we deduce that Ht = -^>t(l; -Z) = -Vt{-Z). 
Hence (12^ and (imi) hold. Since ^[M, logM,|J^t] > 0, 

Ht{{))= esssup |- V— ^[M,logM,|^t]| = 0. 

{A/.)GA1? i J 

Prom this and the translation invariance, we deduce that 
(2.16) Ht{K) = K, K £ Lf. 

Using this and induction, we finally obtain the dynamic programming property (j2.15p . 
The iteration formulas (j2.13p and (j2.16p imply that 

Ht{Ht+i{Z)) = ^logii;[e'^'+i^'+i(^^+i(^))|^i] = Ht{Z). 
Pt+i 

Hence we have (|2.15p for r = 1. Suppose that (j2.15p holds for r G {1, . . . , T — 1}. Then, 

Pt+i 

- ^ logE[eMPt+iHt+i{Z))\Tt] 



= Ht{Z), t = 0,...,T-T-l. 
Thus ([213]) follows. □ 
Remark 2.17. We have the following Pareto optimal allocation of Ht{Z) — Z: 

T 

Ht{Z) - Z = Y,X,. 

s=t 

Since Vr{Ht{Z) - Z) = -Hr{-Ht{Z) - Z) = Ht{Z) - Hr{Z) for r > t, the allocation Xs 
is given by 

^ 1 

Xt = Q, Xs = PriHriZ) - Hr-l{Z)), S = t + I, . . . ,T. 

Remark 2.18. Recall that a dynamic convex risk measure pt is called tim,e- consistent if 

Pt{z) = pt{-pt+r{z)), t = o,...,T-T, T = i,...,r, zeLf 

(see, e.g., [I2|). Prom Remark 12.61 and Theorem 12.161 the sequence of mappings 

pt{Z) := Ht{-Z), ZeLf, 
becomes a dynamic convex risk measure on with time-consistency. 
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Remark 2.19. Suppose that J^q is P-trivial and that J^i = J-t- Then, by (|2.13|) we have 
Ht{Z) = Z {t> 1), whence 

Pi 

which is the classical exponential premium principle. 

Remark 2.20. Our dynamic diversification approach gives the recursive formula (j2.13p 
slightly different from that for the entropic risk measures in [23] and [12]. Indeed, the 
dynamic convolution produces the modified risk aversion parameter (Pt) that is usually 
time-dependent. In particular, if all a^'s are identical to some a > then Pt = o/(T — 
t + l). 

3. Large diversification effect 

In this section, we shall study the asymptotics of Hnfi as the number of divisions of 
a risk goes to infinity. We assume that JFq consists of all null sets from J^t and their 
compliments. Hence all ^o-nisasurable random variables are constants a.s. 

3.1. Diversification over a large number of products. Consider the functions Uj <j : 
M — 5- M, i = 1, 2, . . . , s = 0, . . . , T, such that each Ui^s is strictly increasing and strictly 
concave and of class C^, with 

(3.1) Ui,s(0) = 0, n- ,,(0) = 1, 'u-,^(oo) = 0, u- .,(-00) = 00. 

Recall from Section [2.11 that the utility Uq{Z) = Unfi{Z) oi Z ^ L"^ is given by 

UnfiiZ) = sup ^ E[ui^s{Xi^s)], 

and that the indifference premium Hq{Z) = Hnfi{Z) satisfies the risk loading property 

Hn,o{Z) > E{Z). 

We have the following convergence result: 

Tiieorem 3.1. Suppose that for each i = 1, 2, . . . , and s = 0, . . . , T the function u'- ^{x) 
is nondecreasing and satisfies 

where li^s = (u'i s)~^ ■ Then, 

(3.3) lim Hn,o{Z) = E{Z). 

n— >oo 

Remark 3.2. Since u'l ^ is nondecreasing, we have 

x2 rS S — X 

(3-4) —n-^ < / -n-. 7 TT^dX. 

2<.(0) <,(/m(1 + A)) 



, . . . , j_ , 



Thus, the condition (j3.2p is stronger than 



00 ^ 
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For example, the family of exponential utility functions 

Ui,six) = —(1 - e""''''^), Oi^s > 

satisfies 1^ when E*=i(l/«i,;^) = s = 0,...,T. 

The proof of Theorem \3 . 1\ By Proposition 12.91 for a-i^Y (^s) £ -4n,o(^)) 

T 

(3.5) C/„,o(^)>E^[^^"^(^«)]- 

By Lemma 13.31 below and the monotone convergence theorem, 

lim ^[n(")(y,)] =^[n], s = o,...,r. 

This and ()3.5p give 

lim Unfl{Z) = E{Z). 

n— >oo 

We notice that the function x ^ Un,o{x — Z) is increasing and concave, whence 
continuous, on R. Thus we have 

Un,o{Hn,oiZ) - Z) = 0, n = l,2,.... 

On the other hand, from Proposition 12.51 Hr, n(X) > E[Z). Also, since Unfl{Z) is non- 
decreasing in n, 

Un+lfi{Hnfl{Z) -Z)> Unfl{Hn,0iZ) - Z) = 0. 

From this and the definition of Hnfl, Hn+ifi{Z) < Hnfl{Z). Hence putting H^ q{Z) := 
liuin^cc Hq"'\z) , we have 

E[Hoo,o{Z) -Z]= lim Un,o{HocAZ) - Z) < lim [7„,o(^n,o(^) - Z) = 0. 

n^oo n— >oo 

Thus Hoo,o{Z) = E{Z). □ 

In the proof of the above theorem, we have used the following lemma: 
Lemma 3.3. Under the assumption of Theorem \3.1l we have for each s = 0, . . . ,T, 

lim u^"-^x) = X, Vx G M. 

n— +00 

Proof. We fix s = 0, . . . , T and drop the subscript s on all functions for brevity. Since 
u^"'\x) is increasing in n and u^"'\x) < x for all x, there exists a limit u^°°\x) = 
lim„^oo 1^^"^ (x) and this function u^°°^ is proper and concaveD 
Let Vi{y) be the conjugate of —Ui{—x), i.e., 

Vi{y) ■■= {-Ui(--)y{y) = sup(xy + Ui{-x)), y G M. 

a;GlR 

Also, let v^'^\y) be the conjugate of —u^"'\—x). Then for each i, an elementary analysis 
of Ui shows that 

i ui{ii{y)) - yiiiy) ify>o, 

I +00 if y < 0, 



vi{y) 

and that = 0. Also, 



v',iy) = -I,iy), v'liy) ^ 



^my)) 
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Using integration by parts, we get for each y > 0, 

Vi{y) = Vi{l) + v[{l){y - 1) + j\'l{t){y - t)dt = v'l{t){y - t)dt. 
Hence, if y > 1, then 

, y -'^ - s 

Vi{y)= Vi{l + s){y-l-s)ds = - ds. 

Jo Jo <Ui(l + s)) 

Thus ([32]) implies 

n 

(3.6) ^ Vi{y) ^ +00 (n^oo). 

i=l 

If < y < 1, then v'/ is decreasing, so that we have 

v^{y)>vUl) / {t-y)dt = -^--l^' 



2 <(0)- 

Thus, from (j3.4p . (j3.6p again holds. 

Put := Then > and n(~)(-x) < -x. Hence 

v^°°\l) = 0. Since tt'^"^(x) is increasing in n, it follows from \25\ Theorem 16.4] that for 

v'^°°\y) = sup{yx + > sup(yx + u'-^'^-x)) 

n 

= v^'^\y) = '^Vi{y) ^ +00, n ^ oo. 
1=1 

Thus v^°°\y) = +00 for y 7^ 1. From this and [25, Theorem 12.2], 

liminf(-n(°°)(-z)) = = sup(yx - w(°°Hy)) = x, x G M. 



Thus, if we let z \ x, then from the monotonicity of u^°°\ we see that 
X = liminf(-n(~)(-z)) > -u^^\-x) > x, 

z\x 

which implies u^°^\x) = x, as desired. □ 

In the theory of premium calculations, it is well-known that the exponential principle 
approximates the variance principle in the following way: 

-log^[e°^] = E{Z) + - Var(Z) + 0(a2), a\0, 
a 2 

where O(-) denotes Landau's symbol. 

In our dynamic setting, we have the following analogous result: 

Theorem 3.4. Let Hnfl{Z) be the indifference premium of Z £ with the exponential 
utilities (ui^s) defined by l\2.8t} . Suppose that the sequence (aj,s) in l\2.8\i is bounded. Then 
we have 

1 ^ 

Hn,o{Z) = E{Z) + A'^^Eli^Ztf] + 0(n-2), n ^ 
t=i 
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where = /3j is defined by (j^.iOp . 

Proof. First, using (j2.13p repeatedly, we get 

\\Ht{z)\\^ < \\z\\^, t = o,...,r-i, 

where || • ||oo stands for the norm of the Banach space L^. Prom this as well as f3t = 
0{n~^) and Taylor's theorem for the function x i— > logii^[e^^|^t], we find that 

(3.7) Ht{Z) = E{Ht{Z)\Ft-i) + ^yav{Ht{Z)\J^t-i) + Rt{n)n-\ 

where Rt{n), n = 1, 2, . . . , are ^j-measurable random variables satisfying sup„ ||i?4(n)||oo 
is finite. In what follows, we also write Rt{n) for random variables having the same 
properties, which may not be necessarily equal to each other. In particular, we find that 

Ht-i{Z) = E{Z\Tt-i) + ^E[{^ZTf\TT~i]+RT-i{n)n-^. 
Now suppose that for some t = l,...,T — 1, 

T 



(3.8) Ht{Z) = E{Z\Tt) + %E\{^2,f\Tt\ + Rt{n)n-'' 



s=t+l 

Then, 

r 

(3.9) E\Rt{Z)\Tt-x\ = E[Z\J^t_^] + ^ ^E[{AZsf\J^t-i] + Rt-iin)n-\ 

s=t+l 

Also, using (3s = 0{n^^) and 

E [AZt {E[{AZsf\Tt] - E[{AZsf\J^t-i]} = 0, 

we obtain 
(3.10) 

Yav{Ht{Z)\Tt-i) 

= E 



i^AZt+ ^ ^{E[{AZs)^\J^t]-E[{AZsf\J't-i])+Rtin)n-^'^ 



t-i 



= E[iAZtf\J^t-i] + Rt-iin)n-^ 

Putting ()3.9p and ()3.10p into (13. 7p . we have (13. 8p for t — 1. Therefore by the mathematical 
induction, (13. Sp holds for all t = 0, . . . , T — 1. In particular, the case t = gives the 
desired result. □ 

3.2. Diversification over a large number of time divisions. Here, we discuss the 
asymptotics of Hnfl{Z) when the number of divisions of time increase to infinity. To 
this end, take a filtration {J^t)t£[o,T] with continuous parameter. We assume that the 
probability space {^l,T,P) is complete and Tt = Hg^tJ^s, t € [0, T], i.e., the filtered 
probability space {J^t)te[o,T]i P) satisfies the usual conditions. 
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We consider the modified index set 

I'S := I (^i, : i = 1, . . . , n, J = /c, . . . , m| . 

Let Ui^s : M — > M, i = 1, . . . , n, s € [0, T], be a strictly increasing, strictly concave function 
of class C^, satisfying (|3.ip . As in Section [2TH we define the utility map U^\z) = 
Unfl{Z) of Z G L~ by 

U^rr^{Z):= sup V E[uUXi,s)l 

and consider the resulting indifference premium H^{Z). 
We have the following convergence result: 



Theorem 3.5. Suppose that u'l ^{x) is nondecreasing and satisfies, for each i = 1, . . . , n, 

6-X 



lim } / — 

n^oo ^-^ u . -rr/ 



(-^i,jT/m(l + A)) 



dX = -oo, V5 > 0. 



Then, 



{m)i 



hm H^]^>{Z) = E{Z) 



Proof. Fix u € (0,T) and set Z^ = E[Z\J^u]- By the concavity of C/„o ' have 



Using the index set Tu^^ := {kT/m : k = [mu/T\ + 1, . . . , T}, we get 
(3.11) C/(™)(2ZJ>C/(™)(2Z„) 

{n n 
E[ui,tiYi,t)] ■.2Zu = Y, E ^ 



sup 5^ : 2Z„ = X; e 



. i=l i=l 



where the function uf^^ is the sup-convolution defined by 



ur\x) = sup {X^tgT-j™) • Z^teri'"' ^* = ^} ■ 

In fact, for each Yi^t G t) G {1, . . . , n} x T^'^\ satisfying 2Z„ = ^^^^{n.) ^i,t, 

we define Xj^^ = Yi^t if (^i £ {1, • • • > 'T'} x Tu^\ = otherwise. Then (X^) € An,o{2Zu), 
and 

n 

^ ^ i^[nM(>l,*)] = E E[u.AX.,)]<U;^f{2Z^). 

Taking the supremum, we obtain the inequality in (|3.11|) . Moreover, as in the proof of 
Proposition 12. 9t we get the second equality in (|3.11|) . 
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Since the number of elements of Tu goes to infinity as m ^ oo, in a way similar to 
Lemma [3^ we see that 

lim u'^\x) = X, X € M, i = 1, . . . ,n, 

m— >oo 

whence limm-»oo {2Zu) = E{2Zu) = 2E{Z). On the other hand, the right-continuous 
version of the martingale converges to Z — > r, whence by the dominated 
convergence theorem, lim^^T -E[ttn,T(2(Z - Zu))] = 0. This and U^^^} {2{Z - Z^)) > 

E[un,T{2{Z — Zu))] yield limm^oo U^\z) = E{Z). We can now complete the proof in 
the same way as the proof of Theorem 13.11 □ 



4. Application to fixed payment insurance 

In this section, we apply the approach above to products of fixed payment type, 
including life insurance products and bank loans. 

We consider a portfolio of n contracts with duration T in which the insurer pays a 
fixed payment to each insured at time t = 1, . . . ,T if a specified event occurs in the 
interval {t — l,t]. 

We denote by Tj the random time at which the i-th specified event occurs, and assume 
that Tj's are mutually independent random variables on (fi, J^, P) satisfying P{Ti > 0) = 1 
and P{Ti > t) > for all t G (0, oo), i = 1, . . . ,n. Suppose that the reference asset is 
given by a riskless bond with deterministic interest rates. Then the discounted risk Z of 
the portfolio of the contracts is represented as 

(*,t)eT„,i 

where Cj^t's are the deterministic discounted payments. 
We assume that the filtration (^t)t=o,...,T is given by 

= vr=iCT({ri <s}:s = 0,...,t), t = {),..., T. 

For t = 0, . . . , T — 1 and i = 1, . . . , n, we define the conditional probabilities qi t and pi t 
by 

qi^t := P{Ti <t + l\Ti> t), pi^t ■■= 1 - qi,t = P{Ti > t + l\Ti > t). 

They will play a basic role in the computations below. Notice that the following equalities 
hold: 

qi,t + Pi,t = 1, t = 0, ...,T-1, qifi = P{Ti<l), pi^o = P{1 < Ti). 

We need the following lemma: 

Lemma 4.1. Let I be a nonempty subset of {1, . . . ,n}, and let Yi, i G I, be integrable 
and a (Tj) -measurable random variables. Then we have 



E 
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Proof. We consider the family of events 

Ss = {njej{Tj > Sj} : Sj =0,...,t, j £ J, J C {1, . . . , n}} . 

Then Gg contains 0,, is closed under intersection, and generates JF,. Thus in view of 
Williams |27, p. 231], it is enough to show that 



E 



.iei 



E 



JjA:a(r,>s)U 



where ki = ii^[yjl(^^>s)]/P(rj > s). If A is of the form [Jj^j{Tj > Sj), then denoting 
B = UjGj\(/nj)(Tj > Sj), we see that 



E 



E 



'[[k.Pin > s)P{B)=E 



JJ^il{Ti>s)lB 



E 



JjA:a(r,>s)lA 



where we have used the fact that Tj's are mutually independent and sj < s. Thus the 
lemma follows. □ 

Now, recall that the indifference premium Ht{Z), based on the expected exponential 
utilities, is given by (|2.13p . 

Let us introduce the sequence {hi^t)f^i defined by the following backward iteration: 



hi 



hi 



i = i,...,r-i. 



Theorem 4.2. For t = 0, ...,T, the indifference premium Ht{Z) has the following 
representation in terms of (hi s): 

Ht{Z) = ^ < ^Ci^s\s-i<T<s) + l(i<T,)log^i,t+i > , 



(4.1) 



i=l \^s=l 



where X]s=i = 0- 

Proof. We prove (j4.ip by the backward induction. For t = T, the equality (j4.ip clearly 
holds. Suppose that (j4.ip holds for some t <T — 1, and we write yi^g = log/ii,s- Then 

Hn,t-l{Z) = ^ Ci,J{s_i<^<s} + -^log0t_i 



l<i<n 
l<s<t-l 



with 

et-i = E 

= E 



exp < /3t ^ (Ci,tl(t-l<r,<t) + 2/i,i+il(t<ro! 

n 

{*5^P (/'tCj,tl(t-l<T,<t) + {t<T0) \t-\<TC) + l(T,<i-l)} 



,« = 1 
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Using LemmaOand the general fact that lYi=ii^i+^i) = Em=o EAeJ,„ HieA «i Uj^A 
with 2rn being the family of subsets of {1, . . . ,n} consisting of m elements, we obtain 



= E E n hr,<t-l)E 
m=0 AGXm j^A 



JJexp {PtCi,d{t-i<n<t) +yj,t+il(t<To) l{t-i<T, 
jgA 



m=0 A<=Im j^A ieA 
n 

= n { (e^*''''%,t-i + e^'y-'+'p,,t-i) ht-Kn) + hn<t^i)} ■ 

i=l 

Thus (l/A) log 0t-i = J2i=i Vi,t^(t<Ti)i which completes the proof. □ 

5. Conclusion 

In this paper, we propose a premium calculation principle determined by an efficient 
risk diversification for portfolios of cash flows. In so doing, we use the dynamic version 
of the sup-convolution of utility functionals to consider the effect of a Pareto optimal 
diversification of risks based on the insurer's multidimensional risk preference. This 
approach aims to give a possible theoretical foundation for the problem of determining 
the risk loading for portfolios of cash flows. We find explicit computation formulas for 
the variance and exponential premium principles, which extend the classical counterparts 
in the one period setting. We also show limit theorems asserting that the risk loading of 
the premium decreases to zero when the number of divisions of risk goes to infinity. 

In our future research, we wish to focus on the implementation and various extensions 
of the results obtained in this paper. Possible future research topics include 

• the identification problem of the multidimensional risk preference; 

• the incorporation of the market interest rate into our model; 

• the case of more complex filtration {J^i,t}{i,t)&T where T is a directed index set; 

• the case of monetary utility functionals; 

• the continuous time setting. 
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